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All computations were made in Mathematica. The Mathematica code is attached to
the end of the document as an Appendix.

Question 1

Observe that j = Rso(g,) (=%, 1)k so that the eigenstates of the operator §y for a spin-1
particle are given by [1,m), = Rsu(z)(_T”,i) |1,m),,m = 1,0, —1 Find their explicit
vector representations following the methodology used in the class to derive those
for |1,m),.

Answer. We first observe that j = Rso(s) (=%, 1)k. We can therefore conclude that the

eigenstates of S, for a spin-1 particle are given by |1, my, = ﬁsu(z) (=5,1)|1,m),,m =
1,0, —1.
We can define ﬁsu(z)(_Tn/i) in terms of the generator S, with Rsu(z)(_ani) =

—ié -1 A
e °x2 . From class, we know S, to be:
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Using matrix exponents in Mathematica, we then obtain:
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Taking the columns of this matrix, we can then find the eigenstates of S,. Therefore:
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Question 2

The correct solutions to the last problem (Problem 6) of the Midterm Exam about the
spin projection operators of the graviton, a spin-2 particle, are:

O n 0 0 O
oo 5ho 0 0
Sc=o0 3n 0 /i o
0 0 5h 0 h
o 0 0 h O
0 —ih 0 0
0 —i\/3h 0
Sy=10 iy/3n 0 —iy/3n 0
0 0 iy/3n 0  —ih
0 0 0 it 0

N A —7T . —ig —n
Ry = R (57i) = 75
and verify by explicit calculations that the columns of the R, and ﬁy matrices are the

eigenstates |2,m), and |2, m) , of the operators Sy and §y, respectively, where m = +2,
+1,0,-1, -1.

Answer. We first use matrix exponentiation in Mathematica to find the matrices Ry
and Ry using the equations given and the matrices Sy and §y. We will then confirm
that the columns of these matrices are in fact eigenstates by multiplying them by S, and
§y respectively. Each column m of the product matrix will correspond to the product
vector S, |2,m), = mh |2,m), for a = x,y. Doing these calculations in Mathematica for
a = X, we obtain:
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11 V311
4 2 2 2 4
i 1 5 1© 4
s 2. T2 2 2
Ry=en%2 = ﬁ o -1 o ﬁ
2 2 2
1 1 9 _1 1
2 2 2 2
11 V311
4 2 2 2 4
h h h h
2 77 0 2 2
no-ho Snoon
SRe=| y/3n 0 0 0 —\/3n
no L oo 1 h
noohog _n o _n
2 2 2 2

From left to right, each column vector of R, corresponds to |2,m), form=2,1,0,-1,
-2. Looking at the columns of Sy Ry, one finds they take the form m# |2, m) ,, confirming
that each column vector of Ry is indeed an eigenstate of Sy

We then do the same thing fora =y.

1 LA Vi A | 1
4 2 2 4
L _1 0 S A
X e 2. T2 2 2.
i _1 0 _1 L
2 2 2 2
SRR V4 R S
4 2 2 2 4
h ih ih h
2 2 0 5 7
ih ) 0 3 ih
i >R 3 3
SRy=| —\f3n 0 0 o0 3h
—ih =L o0 b —in
h 1/ 1/ h
3 —z(h) 0 —3(h) —3

From left to right, each of the column vectors in the product matrix takes on a value
of hm |2, m>y form=2,1,0,-1,-2.

Question 3
—2+2i
—1+i
A graviton is in the spin state c 1+i , where c is a normalization constant.
1—i
2-2i

Determine all the 3 x 5 = 15 probabilities Py, that the measurement of the spin projec-
tion of the graviton along the axis a = x, y, z will yield value m, where m = +2, +1, 0,
-1, -2. (The solutions in this problem should be written down in the fully simplified
algebraic form. That is, expressions like “2/5” and “2+/5” would be fine, but points
will be taken if they are written instead as “0.4” (or “4/10”) and “4.47” (or “ V/20”).)
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Answer. We first normalize |¢).

($llp) =1

=A(|—2+2P+ | = 1+i+ |1 +iP+ 1 —i* +]2—-2i]*) = A(8+2+2+2+8) = 22¢?

1
2 P —
Y
_ 1
\/22
Therefore
—2+2i
1 —1+41
= — 141
W= g | 1+
2—-2i

The probability Py, for finding [¢) in each eigenstate can be found by taking | (2, m|, |¢) 2
form = +2, +1, 0, -1, -2 and for a = x, ¥z We use the columns of R, and Ry from
Problem 2 as the eigenstates of S, and S, respectively, and the columns of the identity
matrix to represent the eigenstates of S,.

The coefficients (1| |2,m), for each row a and column m can be represented with
the matrix:

A

(| Ry
($| Ry
(pl 1

When we multiply each element of this matrix by its complex conjugate in Mathe-
matica, we obtain:

3011 9 3

88 . 11 44 11 388
Pan=| 1_V3 4 1 4 V3.1
8 11 11 44 11 11 8

e s A (]

11 11 11 11 11

The rows take on the values a = X, y, and z from top to bottom. The columns take
on the values m = +2, +1, 0, -1, -2 from left to right. For example, P, is the probability
of measuring |¢) with a spin-1 projection on the x-axis. This probability is found in the
first row and the second column in the matrix, with a value of %

Notice that the probabilities in each row add up to 1, confirming that |¢) must be
found in one of five eigenstates when measured with respect to directions x, y, or z.

Nicholas Hurley
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Question 4)

At time t = 0, a spinless one-dimensional free particle of mass t is in the state

20 iglp=p)
p(p,0) = (pl[$(0)) = ’/W_ W e

where a > 0 and x¢, pp € R. This state is the minimum uncertainty state with <x> =
xp and <p> = py.

Answer.

a. P(p,0)
This can be found by taking ¢(p,0)y*(p,0). This yields the result:

_ a®(p—p0)?
hz

P(p,0) = \/z—rhe

This state is a Gaussian similar to the one described in class, with a mean of p0.

b. ¥(x,0)

This can be found by taking the inverse Fourier transform of {(p,0).

¥(x,0) \/_ p,0)dp

ehi"x p,0)d
\/— p

o0 ; Zp-po)?  ixg(p—
- ; 2/ dpeﬁpxe_Te*W
27/ Th* J -

Taking this integral in Mathematica, one obtains the result:

1 _ (X*XO)Z ipOx

e 22 e R
a\/m

$(x,0) =

c. P(x,0)

This can be found by taking ¥(x,0)y*(x,0). This means that the normalization
constant is squared and the phase term is removed.

P(x,0) = ¢(x,0)¢"(x,0) =

This is a Gaussian with a mean of x0.

Nicholas Hurley
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d. ¢(p.t)
Since the particle is free, ¢(p,0) |p) is an eigenstate of the Hamiltonian. ¢(p,0)
can be evolved by multiplying by e £, with E = %. Therefore:

,,-pzt a 71‘P2t _”2(p7p0)2 ixo(p—P())
,t — ¢ 2mh ’0 = ./ e 2mh e 212 e n
e. P(p,t)

This can again be found by taking ¥ (p, 0)¢*(p, 0). Since time evolution only adds
a phase shift to each eigenbasis in the momentum-space, the probability density
in the momentum space is preserved, and therefore:

_ a%(p—p0)?

P(P/f):P(P/O):\/j—(he w

f. P(x,t)

This can be found by again taking the inverse Fourier transform of ¢ (p, f).

1 S
= APx
Pt = o= /ooe p(p,t)dp

In Mathematica, one obtains the result:

2h(th—ia?m)

plxt) = .
v+ i

This can be further simplified to:

a2p0(2mx—pO0t)+ifk (m(x—x0)2+2p0tx0
exp(p( PO)-+if (1 (x—x0)?+2p0ix0)

_ (x—(x0+p0t/m))2 _a*mp0(2mx—pOt) +th2 (m(xfxo)2 +2p0tx0)

1
1 p 2a2(1+(%)2) ¢ 2(a4m2h+tzh3)

P(x t) = :
\/\/Ea(l + 7;f—fz)

g. P(x,t)
This can be found by taking ¢(x, t)*(x, t). In Mathematica, one obtains:

a? (m(x0—x)+pO0t)?
an exp <_ atm2 41212 )

N

P(x,t) =

Simplified, this takes the form:

1 —(x—(xq+pgt/m))?
2 _ht 2
P(x, t) — e a (1+(ma2) )

Nicholas Hurley



Quantum Mechanics [ (PHYS4115) — Final Exam 7

This is a Gaussian with a mean of x + pot/m. Notice how the mean corresponds
to the initial displacement of x( plus the displacement due to some average mo-

mentum py over some time t. The standard deviation is \/LE 1+ (%)2 This

means that the Gaussian widens with time.

h. <x>(t)
We take [*°_ xP(x,t)dx. This yields:

< x> (t) = (p0Ot)/m + x0

This result is the classical limit of a free particle with momentum p0. If a classical
particle has velocity %0 and initial position x0, after time ¢ it will be at position
%Ot + x0. This result again shows that expectation values of quantum states ap-

proach classical approximations.

i <p>(t)

This can be found in a similar manner to < x > (¢).

[ee]

<p>()= /wPP(P/t)dP = p0

Since the momentum-probability distribution is a Gaussian with a mean of p0, p0
should be expected as an average value of the momentum. In the classical limit,
this is a particle with a constant velocity. The average value of p does not change
with time since the momentum operator commutes with the Hamiltonian.

i. AX

This can be found with:

AX =< x2>— <x>2

< x? > can be found with [*_x?P(x,t)dx.

In Mathematica, one obtains the result:

<x?>= @ + ((pOt) /m + x0)% + e
2 P 2ma?
—£+<x>2+t2h2
2 2ma?

a2 P2h
AX=V<x?>—<x>2= )\ 4o
a | th
V2 +(azm)

The uncertainty of x begins at % but grows with time, meaning that the Gaussian
corresponding to P(x, 0) becomes wider with time. This result is very similar to
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the form found for the Gaussian distribution discussed in class. This means that
the position-space probability distribution grows wider with time, and its peak
translates through space with time by a factor of po/m.

Something interesting happens when we take the variance of x.

a? th
AX? =" 4 (—)?
2 (\/Eam)
Using the result from part k that Ap(t) = ﬁ, we obtain:
A=y Gt
2 m

Similar to with the average value of x, this result shows that the variance of x

with time is equal to some initial variance % plus some displacement due to un-
certainty in the momentum. With greater uncertainty in momentum, the range
of possible velocities of the particle is greater, and thus the range of possible dis-
placements of the particle spreads with time.

k. Ap.
This can be found using identical methods as with x.
< p? > can be found with [%_p2P(p,t)dp.

2

h
< Pz >:ﬁ+p02

Ap = 2> — o 0% — p0?
p=/<p->—<p>= 2a2+p P

R
\/Ea
The uncertainty in p does not change with time, which is to be expected since
P(p, t) is constant with time.

1. AxAp
ha th
AxAp(t) = NG 1+ (5 )2
h th
_h LY
2 1+(a2m)

Notice how at t = 0, AxAp is at the minimum uncertainty of % However, with
time, the probability distribution spreads in the position space, and therefore the
uncertainty product increases.
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Problem 5

A spinless one-dimensional particle whose mass is the same as the mass of the elec-
tron is in a potential well of height V) = 2 eV: V(x) = 0 if Ix| < w/2, and V(x) =
Vo otherwise. What is the minimum width w of the well in angstroms, so that the
ground state energy does not exceed 1eV?

Answer. We shall solve for the Schrodinger equation within each region.

|x| > w/2

In this region, " & (x) = (E — Vo)y(x). E - V) <0, therefore:

T 2mdx?

P(x) = Ael* + Be™

where g = 4/ W In order to satisfy normalization, the function must not go

to infinity for high and low x. Therefore:

] AT x> w/2
Pplx) = { Bef* x< —w/2

P8 (x) =

We now consider the region for which [x| < w/2. In this region, —5. 7

Ey(x). Therefore:

P(x) = Acos(kx) + Bsin(kx)
2mE
w2
symmetric case where A = 0.

These piece-wise solutions must be continuous and have the same derivative at
the boundaries x = £w/2. Let’s satisfy the boundary condition at x = w/2 for the
symmetric case.

where k = . This solution has a symmetric case where B = 0, and an anti-

P(w/2) = Be 1/ = Acos(kw/2)

¢ (w/2) = —qBe /2 = —kAsin(kw/2)
Combining these two equations, we get:

g = ktan(kw/2)

Repeating the same process for the anti-symmetric case, we get:

q = —kcot(kw/2)

Plugging in the values V) =2eV, E = 1eV,and m = .51 Mev/ c2, we can find numerical
values for k and q. When we solve the two equations for w in Mathematica, we get the
following results.

_ | 3.07038 + 12.2815n angstroms, symmetric case
~ | —3.07038 + 12.2815n angstroms, antisymmetric case

Nicholas Hurley
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As can be seen, the smallest non-negative value for w is found when the wavefunc-
tion is symmetric and n = 0, since n belongs to the integers. This yields the solution:

w = 3.07038 angstroms

Problem 6

The position-space wave function of a free spinless one-dimensional particle whose
mass is the same as the mass of the electron, is initially constant in a one-meter-long
interval, and zero everywhere else, so that the particle is initially in this interval for
sure.

a) What is the probability that the particle is still in this interval in one second? One
minute? One hour? One day? One week? One month? One year?

b) Do your best describing how this probability changes with time when time is very
large.

c) Do your best describing and visualizing how the overall position probability dis-
tribution evolves with time when time changes from zero to infinity.

Answer.

a. We first define the wave-function. The wave-function is constant at one such that
it is properly normalized over a 1 meter interval.

0 x<Q0orx>1m
¢(x,0)_{1 0<x<1m

We shall convert this function to the momentum-space by taking the Fourier
transform. The integral only needs to be defined on the interval 0 < x < 1
since it is zero otherwise.

1 1
,0) = /e_hpxldx
vp0) == ),

We can then evolve this state with time with the operator

B

U(t) = e~ it
Since the particle is free, the potential energy, and as such:

52
y_ P
H=_—
2m
Each momentum eigenstate is therefore also an eigenstate of H with eigenvalue

2
P .
> Therefore:

Nicholas Hurley
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i2
A(t) |p) = e 2t |p)

We can therefore evolve |¢) with time by evolving each of its basis vectors in the
position space.

gty = [ apamlp) (19,0 = [y Ip) ey, 0

Using this, we can then find the wavefunction in the momentum space, evolved
with time.

p(pt) = (pl 1)
= [Ty Iy e B y(p,0) = e Et(p,0)

To find the position space wavefunction, evolved with time, we must use the
inverse Fourier transform.

p(x 1) \/— p,t)dp

We then find the probability that the particle is in the region 0 < x <1 at time t.

PO = [ plxn) Pax

This process was performed with numeric integration in Mathematica. In order
to avoid the cost of computing very large and very small numbers, i and m were
expressed with time units of 10 kiloseconds. The results of the calculation for

finding the particle in the 1 meter region are shown below.

Time P(0; 1)

0 0.999959

1 minute 947304

1 hour .363355

1 day .0158719

1 month .000529105
1 year .0000434881

Table 1: Probabilities of finding the particle in the 1 meter region at various times

These values were found with numerical integration.

From the data in Table 1, it is clear that by the point of 1 day, the particle is

unlikely to be in the original region.

Nicholas Hurley
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b. The probability was then plotted for various times on the order of kiloseconds.

P([0,1])
1.0:-

08/
06 L
04

02

s v w0t (Kiloseconds)
5 10 15 20

Figure 1: Calculated probabilities for finding particle in initial 1 meter region with time

It is not until time reaches the order of kiloseconds that the probability signifi-
cantly decreases, and from there approaches zero. For reference, 1 kilosecond is
about 17 minutes. The particle has a high probability of being in the region on
the order of minutes, but the probability approaches zero on the order of hours.
When time is very large, the probability of the particle being in the region ap-
proaches zero.

c. In order to get a more intuitive grasp on the behavior of this wavefunction, the
probability amplitude was found around the initial region at various large times.

Nicholas Hurley
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20 20
1.5F 151
1_0'_ 1_05
05} 05

-1.0 -05 0.0 05 1.0 1:-10 -05 00

(a) Position probability distribution at t = 0

(b) Position probability distribution at t = 1 ks

20 20~
15F 151
1.0} 1.0F
0.5L 0.5}
L/_III|||III||III|I"'I""_'I"I'II'I'II'I"I'I
1.0 -05 00 05 1.0 110 -0.5 0.0 0.5 1.0 1.5 20
(c) Position probability distribution at t =2 ks (d) Position probability distribution at t = 3 ks
20
15+
1.0+
05
-1.0 -0.5 0.0 0.5 1.0 1.5 2.0

(e) Position probability distribution at t = 10 ks

Figure 2: Probability distribution of the particle around the initial region at timest =0, 1 ks, 2
ks, 3 ks, and 10 ks.

As can be seen in Fig. 2, the probability distribution is constant in the region 0 <
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x < 1attimet=0. Then, at t = 2 ks, the probability distribution increases in the center
of the region. Thereafter, the distribution appears to take the shape of a Gaussian
with a mean at .5m. This distribution widens and flattens until it approximates a flat
line with zero amplitude as the time approaches infinity. At this point, the particle
has equal probability of being found anywhere in space, and the only probability that
satisfies this condition is zero.

We can compare this result to that of the Gaussian wave function as described in
Problem 4. In this problem, we obtained the result:

a th

=7 1+ (

Let’s consider the values of t required for the /% term to be on the order of one and
therefore have a noticeable effect on AX.

Since the width of the initial function is 1m, a2 is on the order of 1m. Therefore, t
must be on the order of % in order for time evolution to have a significant effect on the
wave-function. If we take 1 to be 6.58 * 10722 MeV's and the mass of the electron to be
5.67 x 10~ 1*MeV s? / m?:

AX )2

a’m

th 1022
—~ ——t~107%
m 1018
Therefore, t must be on the order of 10* seconds to have a noticeable effect on AX.
This is consistent with the observed results for the constant amplitude case. Had g, the
initial width, been smaller, the uncertainty in the momentum would have been larger

and the wave-function would have spread more quickly with time.
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